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On Witten's global anomaly for higher SU(2) representations 

O. Bar'' 

'^Center for Theoretical Physics, Laboratory for Nuclear Science and Department of Physics, 
Massachusetts Institute of Technology (MIT), Cambridge, MA 02139, U.S.A. 

The spectral flow of the overlap operator is computed numerically along a path connecting two gauge fields 
which differ by a topologically non-trivial gauge transformation. The calculation is performed for SU(2) in the 
3/2 and 5/2 representation. An even-odd pattern for the spectral flow as predicted by Witten is verified. The 
results are, however, more complicated than naively expected. 
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1. Introduction 

Many years ago Witten gave an argument that 
some chiral SU(2) gauge theories are mathemat- 
ically inconsistent He foimd that the sign of 
the fermion determinant cannot be defined sat- 
isfying both gauge invariance and smooth gauge 
field dependence if 
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where j denotes the highest weight of the SU(2) 
representation. 

His argument is based on the spectral flow of 
the Dirac operator along the interpolation 

A^ix,t) = il-t)A^{x)+tAf^ix), (2) 

between an arbitrary gauge field and its gauge 
transform A^^ = ^(A^ where the gauge 

transformation g is an element of the non-trivial 
class ofTT4iSU{2)) = Z2. Taking (|) as the back- 
ground gauge field for the massless Dirac opera- 
tor, Uj eigenvalue pairs {Xi{t) , X* (t)} cross zero 
and change places as t is varied between and 1: 



(3) 



The integer rij depends on the group representa- 
tion J, and the theory is ill-defined if Uj is an odd 
integer. 



Witten showed, invoking an Atiyah-Singer in- 
dex theorem for a certain five-dimensional 
Dirac operator (the fifth coordinate is essentially 
the path parameter t), that nj is odd only for 
the representations in (|l|) . Besides the fundamen- 
tal representation with j — 1/2, the representa- 
tions with j = 5/2, 9/2, etc. also suffer from Wit- 
ten's anomaly, while the 3/2 and the remaining 
half-integer representations, as well as all integer- 
valued representations, are anomaly free. How- 
ever, the index theorem does not predict rij itself. 
So we can ask the following question: 

What is the value of nj as a function of j that 
causes only half of the half-integer representations 
to be anomalous? 



2. Computing rij numerically 

The integer rij can be obtained by formulating 
the path (^) on a discrete space-time lattice and 
computing numerically the spectral flow along 
this path for a suitable lattice Dirac operator. 
Suitable means that the Dirac operator should 
satisfy the Ginsparg- Wilson relation in order 
to preserve exact chiral symmetry even for non- 
zero lattice spacing. This method has already 
been employed for the fundamental representa- 
tion and ni/2 was found to be 1. Here we 
report about a similar calculation for the 3/2 and 
5/2 representation and present the results for 713/2 
and 715/2. 
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Figure 1. The imaginary parts of the lowest four 
eigenvalue pairs for the 3/2 representation. Two of 
the pairs cross zero at t = 0.5, leading to 713/2 ~ 2. 



Figure 2. The imaginary parts for the 5/2 represen- 
tation. Three eigenvalue pairs cross zero. The addi- 
tional triangular data point at t = 0.5 corresponds 
to the fourth eigenvalue. It is unequal to zero and 
therefore the fourth pair does not cross zero. 



3. Some technical remarks 

We use the overlap operator proposed by 
Neuberger in our calculation. It is given by 

aD = l-A(AtA)-i/2, 
A = 1- aD^ . ^ ' 

Dw denotes the usual Wilson-Dirac operator. 
The inverse square root of A is approximated 
by a truncated expansion in Chebyshev polyno- 
mials jsj. The Conjugate Gradient algorithm 
P,|lO| is employed to compute the lowest eigenval- 
ues |Ai|^ of -D^D. In addition, the CG algorithm 
gives also the corresponding eigenvectors, which 
allows the direct computation of the imaginary 
parts ImA, ||l^. We are therefore able to estab- 
lish whether the imaginary parts cross zero and 
change sign or not. 

For numerical reasons we choose a constant 
gauge field as the starting point for the path. 
This leads to a gap in the spectrum for < = 
and 1, which is advantageous in the numerical 
calculation. The topologically non-trivial gauge 
transformation g was constructed analytically in 
the continuum and then restricted to the discrete 
space-time lattice. A special symmetry property 
of g leads to the symmetry 

Im \,{t) = ±Im A,;(l (5) 



for the eigenvalues as a function of t. Conse- 
quently, the imaginary parts of those nj pairs 
satisfying (|^) cross zero at i = 0.5. In order to 
determine nj it is therefore sufficient to compute 
the spectral flow for a small neighborhood around 
t = 0.5. 

4. Results 

Figs. |l| and ^ show the numerical results. We 
find 713/2 = 2 and 775/2 — 3, which is in agreement 
with Witten's even-odd prediction based on the 
index theorem. 

The results for the lowest three half-integer rep- 
resentations can be summarized by the simple re- 
lation 

"^3 = ^+\- 

Whether this relation holds true for all represen- 
tations is not known. Of course, a rigorous proof 
of (^) for all j is beyond the scope of a numerical 
calculation. However, ^ is the simplest relation 
one can imagine that gives rise to the anomaly 
pattern in terms of the spectral flow. 

In addition to our results for 773/2 and we 
find some unexpected behavior for the spectral 
fiow. In order for an eigenvalue pair to change 
places, it must cross zero at least once along the 
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Figure 3. The lowest five eigenvalues of D^D for 
the 3/2 representation. The symmetry \\i^{t) — 
|Aip(l — t) is a consequence of property For 
t « 0.33 , 0.5 and 0.67 three eigenvalues come close 
to zero. 



Figure 4. The imaginary parts of the lowest three 
eigenvalue pairs for j — 3/2 around t — 0.67. One of 
the pairs crosses zero at t ~ 0.67. Because of the sym- 
metry property this implies an additional crossing 
at t 0.33. 



path. The total number of zero crossings, how- 
ever, is larger than necessary. For the 3/2 repre- 
sentation we find 4 zero crossings, one eigenvalue 
pair crosses zero 3 times, the second one once (see 
figs. I and I). 

Along the same path with SU(2) in the 5/2 
representation we find 9 zero crossings [ p^ . The 
results suggest that one eigenvalue pair crosses 5 
times, another one 3 times and a third one once, 
even though our numerical approach could not 
establish this beyond any doubt. 

For the 3/2 representation the computa- 
tion was repeated with 10 randomly generated 
gauge transformations in the non-trivial class of 
Tr4{SU{2)). We always found 4 zero crossings, 
never the naively expected 2. Unfortunately, the 
same check could not be performed for the 5/2 
representation for lack of computer resources. 

The results for the total number of zero cross- 
ings kj along the path @) can be summarized by 
the relation: 

k, - + 1) ^ 'A ■ (7) 

Even though it is tempting to propose that this 
relation is valid in general, one should be careful. 
In contrast to Uj it is not yet clear whether the 
number of zero crossings is really a path indepen- 



dent quantity. For further discussion see [|12| . 
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